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On the elastically coupled magnetic and ferroelectric domains: A phase-field model A phase-field model is developed to study local elastic coupling between magnetic and ferroelectric domains that show one-to-one pattern match. A multiferroic layered heterostructure of Co 0.4 Fe 0.6 /BaTiO 3 is considered as an example. Dynamics of the local elastic coupling is investigated by simulating a time-dependent electric-field driven changes in local magnetization/polarization/strain distributions and by comparing the associated velocities of the magnetic and ferroelectric domain walls. It is found that the electric-field-driven dynamic magnetic domain evolution manifests itself as an alternating occurrence of local magnetization rotation and coupled motion of magnetic and ferroelectric domain walls with almost identical velocities. The scaling law for ferroics 1, 2 indicates that the domain width of magnets and ferroelectrics become comparable only when the thickness of ferroelectrics is much larger. Indeed, it has been recently demonstrated in multiferroic layered heterostructures with magnetic thin films directly grown on ferroelectric (FE) BaTiO 3 (BTO) substrates [3] [4] [5] [6] [7] [8] [9] [10] that the domains in an as-grown magnetic thin film have not only the same width but also a surprising collinear alignment with the contacted FE domains. This further enables a precise control over the magnetic domain wall motion by electrically driving its elastically coupled FE domain wall. 11, 12 Such one-to-one match between magnetic and FE domains offers new opportunities for the creation of periodic magnetic domain patterns used for magnonic devices, 13 and particularly, the low-power spintronic devices based on electro-strain-driven magnetic domain orientation 14, 15 or domain wall propagation. 16, 17 Theoretically, both ab initio calculations 8 and continuumscale models 9 have been employed to describe the variations in the average magnetization as a function of electric field and/or temperature for such multiferroic magnetic/FE heterostructures. However, a rigorous three-dimensional (3D) mesoscale 18 model that can simulate the dynamic evolution of these elastic coupled magnetic and FE domains under external magnetic/electric field, is still lacking.
In this Letter, a phase-field model is developed to study the dynamics of such local elastic coupling between magnetic and FE domains in multiferroic heterostructures. We simulate the evolution of both types of domains upon applying an electric field to the heterostructure including fielddriven changes in domain morphology and domain wall velocity. The simulation results agree with existing experimental observations. For illustration, we choose a model heterostructure with a polycrystalline Co 0.4 Fe 0.6 (CoFe) magnetic film deposited on a BTO single crystal substrate that initially has a periodic in-plane FE domain pattern. [3] [4] [5] To overcome the challenge to model the large discrepancy between the thicknesses of the BTO substrate (lm $ mm) and the CoFe film ($nm), the phase-field modeling is carried out in two steps to mostly capture the mechanical boundary conditions in real systems: (1) simulating FE domain evolution and associated ferroelastic strain distribution in bulk BTO substrate [ Fig. 1(a) ]; (2) simulating magnetic domain evolution in CoFe film within a film-substrate system [ Fig. 1(b) ], 19 where effects of ferroelastic strains from the BTO substrate are considered by employing a modified elastic boundary condition.
In Step 1, the total size of the bulk BTO crystal is set as 800 Â 800 Â 400 nm 3 , which is discretized into a threedimensional (3D) array of 160 Â 160 Â 80 cells. The FE domain structure is described with a local polarization field P(x), where x is the position vector.
Temporal evolution of the polarization field follows the time-dependent Ginzburg-Landau equation, i.e.,
where L P is a kinetic coefficient related to FE domain wall mobility. 20 F is the total free energy of the BTO crystal, 
Here, F Landau and F gradient are the FE bulk free energy and FE gradient energy, respectively, with mathematic expressions given in Refs. 21 and 22. F elec is the electrostatic energy
where E d and E ext denote the depolarization field and the external electric field, respectively; summation conventions over repeat indices (i ¼ 1,2,3) are employed. A mixed electrostatic boundary is considered in solving E d , in which the bound charges at the top and bottom electrodes are partly compensated [ Fig. 1(a) ], through treating the depolarization field as the sum of a heterogeneous field E d,A and a homoge-
A is calculated by numerically solving the electrostatic equation
using a short-circuit condition 22 on top and bottom boundaries, where j 0 and j b are the vacuum and background
which P is the average polarization in the system, and k is a factor determined by both the shape of the BTO substrate and the fraction of uncompensated bound charges, which would affect the volume fraction of in-plane and out-of-plane FE domains at the remnant state. Here, k is taken as 1% to describe the presence of a small fraction of uncompensated bound charges at the electrode/ BTO interface. The elastic energy F elastic is expressed as
where c is the elastic stiffness tensor and e the total strain. e 0 ij (¼Q ijkl P k P l , Q denoting the electrostrictive coefficient tensor) is the stress-free (or ferroelastic herein) strain during FE phase transitions (e.g., appearance of spontaneous polarization and polarization switching). The total strain e(x) is numerically solved based on Khachaturyan's mesoscopic elasticity theory 24 under a 3D periodic stress-free boundary condition. The evolution of FE domains [Eq. (1)] is solved numerically using the semi-implicit Fourier spectral method. 25 Material parameters for the BTO bulk crystal are listed in Refs. 26-29.
The ferroelastic strains in the BTO substrate include (1) the structural strain from the cubic to tetragonal phase transition that can be partly transferred to CoFe film during its growth; 4 and (2) the electric-field-induced strain during 90 FE domain switching, 30 which normally can be fully transferred to the CoFe film. 31, 32 As mentioned above, spatial distribution of such ferroelastic strains will be used as the elastic boundary condition of the substrate (see discussion later) in Step 2 for simulating magnetic domain evolution in the CoFe film. The simulation zone of the film-substrate system [ Fig. 1(b) ] is discretized into a 3D array of 160 Â 160 Â 32 cells, wherein 12 layers of CoFe are placed over 15 layers of BTO substrate and the uppermost 5 layers are air. The size of each cell is taken as 5 Â 5 Â 1 nm 3 , and hence the thicknesses of the CoFe film (i.e., h f ) and the top layers of BTO substrate (i.e., h s ) are 12 nm and 15 nm, respectively. Three sets of order parameters are used to describe such CoFe-BTO system, including a local polarization field P(x), a local magnetization field M(x)¼M s m(x), where M s is the saturation magnetization and m the normalized magnetization, and a phase field variable g(x) describing the spatial distribution of the two phases, with g(x) ¼ 1 in the CoFe film and g(x) ¼ 0 in the BTO substrate. The temporal evolution of the magnetization field is described by the Landau-Lifshitz-Gilbert equation, i.e.,
where a is the damping constant, c 0 is the gyromagnetic ratio, and H eff is the effective magnetic field, given by
where F exch , F ms , and F external are the magnetic exchange energy, magnetostatic energy, and external magnetic field energy, respectively, with the same formulations as in Ref. 33 . The expression of elastic energy F elastic is the same as Eq. (4), but here the stress-free strain e 0 ij is written as
where k s is the saturation magnetostriction, and the polarization field distribution P relating to the ferroelastic strain Q ijkl P k P l is taken from that in the top layers of the BTO substrate from Step 1. The total strain is calculated as the sum of a homogeneous strain e and a heterogeneous strain e het (x), Step 1, and r is the fraction of the relaxed strain taken as 0.9 according to experimental measurements. 4 In doing so, both the partial relaxation of the initial structural strain during the magnetic thin film growth and the full transfer of electric-field-induced strain are incorporated. The heterogeneous strain e het , the volume average of which is zero, 33 is computed as
Here, u(x) is the spatial distribution of local displacements, which can be obtained by solving the elastic equilibrium equation @r ij =@x j ¼ 0, expanded as
Note that a stress-free boundary condition is applied at the top surface of the film [x 3 ¼ h f , see Fig. 1(b) ], i.e.,
while a displacement boundary condition is imposed at the bottom of the substrate (x 3 ¼ Àh s , see Fig. 1 
where u BTO,growth and u BTO are the displacement distributions in the top layers of the BTO substrate during film growth and under the applied electric field, respectively. Eq. (8) is solved by utilizing a superposition methodology. 34 The evolution of magnetic domains [Eq. (5)] is solved numerically using semi-implicit Fourier spectral method 25 and Gauss-Seidel projection method. 35 Material parameters of CoFe are listed in Refs. 36-39. Utilizing the above-described phase-field model, we can easily reproduce the experimentally observed 3, 4 pattern copy between the elastically coupled magnetic and FE domains in the CoFe-BTO heterostructure. As illustrated in the first column in Fig. 2(a) , alternating a 1 and a 2 in-plane FE domains with orthogonal polarizations are stabilized in the BTO substrate before electric field poling, similar as those in experiments. [3] [4] [5] This pattern is precisely imprinted to the overlaying CoFe film during its growth through local elastic coupling. Such elastic modulation of the magnetic domains can be interpreted based on the difference between the two in-plane normal strain components, i.e., e 11 -e 22 , which determines the orientations of magnetic easy axes in the CoFe film. Specifically, an alternating distribution of positive and negative e 11 -e 22 ($1% and À1%) are generated corresponding to the alternating FE a 1 and a 2 domains in the BTO substrate [see the first column in Fig. 2(b) ], respectively, which are partly (10% 4 for r ¼ 0.9) transferred to the top CoFe film [see the first column in Fig. 2(c) ]. Such striped strain field induces the observed one-to-one match between the FE and magnetic domains, [3] [4] [5] e.g., a 1 (FE) to a 1 (magnetic), and a 2 (FE) to a 2 (magnetic), due to the positive k s of Co 0.6 Fe 0.4 . 37 We next show the electric-field manipulation of magnetic domain pattern in such elastically coupled CoFe-BTO heterostructure. An electric field along the out-of-plane x 3 direction, E 3 , is applied to the system, which cycles linearly between 0 and 600 kV/m at a rate of 7 kV m À1 ns À1 . Upon increasing electric field, the initial in-plane a 1 /a 2 stripe domains in the BTO substrate gradually rotate off the plane and eventually become an out-of-plane c single-domain at E 3 ¼ 600 kV/m [see the second column in Fig. 2(a) ]. During this process, the strain field at the surface of BTO changes from a striped pattern [see the first column in Fig. 2(b) ] to an isotropic (e 11 À e 22 % 0) uniform distribution [see the second column in Fig. 2(b) ], thereby the initial FE a 1 and a 2 domain regions undergoing the strain changes [i.e., D(e 11 -e 22 )] of about À1% and 1%, respectively. These electric-fieldinduced strain changes at the BTO top surface are fully transferred to the overlaying CoFe film with an initial strain distribution shown in the first column in Fig. 2(c) , resulting in a new striped strain field with e 11 -e 22 % 70.9% as shown by the second column in Fig. 2(c) . Accordingly, magnetic a domain regions, respectively, leading to a pattern interchange of the original magnetic a 1 and a 2 domain regions [see the second column in Fig. 2(a) ].
Subsequent decrease of E 3 induces the formation and growth of in-plane FE a 1 domains in the BTO substrate, presenting a multi-domain a 1 /c structure [see the third column in Fig. 2(a) ]. The development of FE a 1 domains is associated with an in-plane strain change, D(e 11 -e 22 ), of 1.0%, leading to the striped strain field of e 11 -e 22 % 0.1% and 1.9% within the regions of initial FE a 1 and a 2 domains at the BTO surface, respectively [see the third column in Fig. 2(b) ]. The corresponding strain distribution in CoFe film is illustrated by the third column in Fig. 2(c) , where variations take place on top of the newly developed FE a 1 domain and would favor an alignment of a magnetic a 1 domain as k s > 0. By contrast, the magnetic stripe domain on top of FE c domains is preserved, leading to a mixed a 1 and striped a 1 /a 2 domain pattern in the CoFe film [see the third column in Fig. 2(a) ]. As E 3 further decreases, the induced magnetic a 1 domain keeps growing with the expansion of its elastically coupled FE a 1 domain underneath, eventually exhibiting a magnetic a 1 single domain at E 3 ¼ 0 [see the fourth column in Fig. 2(a) ]. An increase of E 3 back to 600 kV/m brings back the magnetic a 1 /a 2 stripe domain in CoFe film and the FE c single domain in BTO substrate exactly as shown by the second column in Fig. 2(a) . Such repeatable electric-field writing and erasure of magnetic striped a 1 /a 2 domains have been demonstrated by experimental observations. 4 A close examination on the dynamics of the magnetic domain evolution reveals an alternating occurrence of local magnetization rotation and domain wall motion associated with the FE domain evolution. In the downhill electric-field cycle, when the width of the newly formed FE a 1 domains is small, the magnetic stripe pattern remains unchanged, i.e., new magnetic a 1 domain does not form on top of the FE a 1 domain. When the underlying FE a 1 domain reaches a critical width of around 70 nm at E 3 ¼ 280 kV/m, the magnetic striped a 1 /a 2 domain above FE a 1 domain starts transforming into a magnetic a 1 domain through a coherent magnetization rotation of 90 [see Fig. 3(c) ] as the ferroelastic straininduced magnetic anisotropy is sufficiently large to overcome the exchange and magnetostatic energy penalty. Detailed magnetic free energy analysis for such finite-size scaling of domain pattern transfer has been reported in a recent study. 10 Such transformation from local magnetic a 1 /a 2 to a 1 domain is complete as the E 3 decreases to 260 kV/m, at which the newly developed magnetic a 1 domain are wider and gets coupled to the underlying FE a 1 domain. From the moment on, the evolution of the mixed a 1 and a 1 /a 2 magnetic domains closely tracks the FE domain evolution through the motion of the elastically coupled magnetic and FE domain walls. For illustration, we select a certain magnetic a 1 /a 2 domain wall and the associated FE a 1 /c domain wall [as indicated by the white dashed lines in the third column of Fig. 2(a) ] and track their velocities along the x 1 direction, as demonstrated in Fig. 3(a) . The domain wall positions are located where P 1 ¼ P 3 for a FE a 1 /c domain wall and m 1 ¼ m 2 for a magnetic a 1 /a 2 domain wall [as an example, see Fig. 3(b) for the domain wall configurations at by dashed-dotted lines in Fig. 3(a) ]. Upon further reducing E 3 from 130 kV/m when the width of FE c domains reduces to about 110 nm, the a 2 domain rapidly shrinks, becoming decoupled from the underlying FE c domains due to the reduction of the ferroelastic strain-induced magnetic anisotropy. Such decoupling of magnetic a 2 and FE c domain is another manifestation of the finite-size scaling of the domain pattern transfer besides the onset of magnetic a 1 -to-FE a 1 domain coupling at E 3 ¼ 260 kV/m. Indeed, the local a 2 domain starts transforming into a magnetic a 1 domain through a coherent magnetization rotation [e.g., see Fig. 3(d) at which E 3 ¼ 110 kV/m] and eventually vanishes, creating a uniform a 1 single domain in the whole CoFe film. Similar domain evolution behaviors are observed in the subsequent uphill electric-field cycle.
In conclusion, a phase-field model has been developed to study the local elastic coupling behaviors of the magnetic and FE domains in a multiferroic heterostructure of a magnetic film grown on a FE substrate. Taking a polycrystalline CoFe and a BTO crystal as an example, the one to one match of the initial magnetic and FE domain structures and the repeated electric-field writing and erasure of the magnetic striped domains have been simulated, providing modeling supplement and theoretical insights to experimental observations. Studies on the dynamics of the electric-field driven magnetic domain evolution reveal an alternating occurrence of local magnetization rotation and the coupled motion of magnetic and FE domain walls with almost identical velocities.
